A moving boundary problem of a melting problem is considered in this study. A mathematical model using the Caputo fractional derivative heat equation is proposed in the paper. Since moving boundary problems are difficult to solve for the exact solution, two methods are presented to approximate the evolution of the temperature. To simplify the computation, a similarity variable is adopted in order to reduce the partial differential equations to ordinary ones. 
Introduction
In recent years, fractional derivatives have been used to model heat conduction since it provides a natural setting to describe processes with memory [1] [2] [3] . Many experiments have shown that in many systems with total momentum conservation, the heat conduction does not obey the Fourier law [4] . The classical theory of heat conduction is based on the Fourier law relating the heat flux vector q to the temperature gradient grad T ( ). If we consider the time-nonlocal dependence between q and ∇T ( ) [5] : 
the time fractional heat conduction equation with Caputo time fractional derivative of order 0 < α 2 can be obtained. Some authors [6] [7] [8] found a simple formula which connects anomalous heat conductivity with anomalous diffusion. Povstenko [5] investigated the thermal stresses of the heat conduction in an infinite body with a circular cylindrical bole. Jiang and Xu [9] built a fractional heat conduction equation with a time fractional derivative in the general orthogonal curvilinear coordinate system and obtained the solution of the equation in terms of the generalized H-function using integral transformation methods. Ghazizadeh et al. [10] studied an inverse problem to estimate the relaxation parameter and order of fractionality in a fractional single-phase-lag heat equation. Xu et al. [11] investigated the anomalous heat conduction governed by a fractional Cattaneo heat equation under the Neumann boundary condition in a semi-infinite medium and obtained the exact solutions. The problem studied in this paper is the melting of an solid cylinder. The solid cylinder is initially at the melting temperature which is taken to be zero. A constant heat source T 0 (T 0 > 0) is assumed at the center line of the cylinder. A boundary surface or interface at which melting occurs moves from the center line into the solid region. In the present study, the model is introduced in section 2 and the computation of the solution is presented in section 3. In section 4, we give some discussions of the model and solutions. A short summary is then given in section 5.
Formulation of the problem
The changes of the temperature in cylindrical coordinates is shown in Figure 1 . T ( ) is the temperature of the water at time , T 0 is the temperature of heat source at the centreline and ( ) is the position of the interface. Here we use the Caputo time fractional heat conduction equation
where K is the generalized heat conductivity and
Accordingly, the fixed boundary condition is
and the initial conditions are
and (0) = 0
Two further conditions are needed at the moving interface, one to provide the second boundary condition necessary for the solution of the master equation and the other to determine the position of the interface itself. In this paper, we use the following two conditions
and
where L is the Latent heat required to melt the solid and ρ is the density. Equation (9) is proposed by Liu and Xu [12] . Voller [13] proved that with a fractional time derivative, this equation controls the movement of the moving front. For 0 < α < 1, the behavior of the melt interface is subdiffusive. By denoting R the radius of the cylinder and using reduced dimensionless variables defined as *
we obtain the governing equation, the boundary and initial conditions in non-dimensional form (For simplicity, the superscript "*" is omitted):
(0) = 0 (14)
where η is a constant defined by η
For fractional differential equations in fixed domains, many analytical and numerical methods have been presented, such as the variational iteration method [14, 15] , the Legendre wavelets method [16] and so on (like the methods in [17, 18] and references therein). The problem here is to find a pair of unknowns C ( ) and ( ) by solving equations (11)- (16) . From a mathematical point of view, this is a moving boundary problem and it is difficult to obtain its exact solutions [19] . For fractional moving boundary problems, Liu and Xu [12] , Voller [13] and Sigh [20] present the analytical solutions for different problems. If we only consider the early stage of loss before the interface moves to R, the semi-infinite assumption can be used. Therefore, the Lie group method can be used [21] . After some calculations, the similarity variables = / α/2 and C ( ) = ( ) can be determined. Equations (11)- (16) reduce to the following fractional ordinary differential equations:
where
is the Caputo-type modification of Erdélyi-Kober fractional differential operator [2, 22] 
, where is a constant to be determined. Consequently, another condition can be written as
It is worthy to note that equation (17) is true only in the region 0 < < . Solving ordinary differential equations is easier than partial differential equations. The moving boundary problem becomes a fixed boundary problem. In this paper, we will present two methods to solve this problem.
Approximate analytical method
Suppose that ( ) ( = 1 2 · · · ) are a set of known basis functions and the function ( ) can be written as
where ( = 1 2 · · · ) are constants to be determined. In order to find the value of and , + 1 equations are needed. To do this, we divide [0 ] into parts. The equations needed are
By solving these + 1 equations, an approximate solution can be obtained.
Numerical method
It is difficult to track the moving surface if we use numerical methods to solve equations (11)- (16) 
Noting that ( ) ≡ 0 when > , the above definition changes to
For the right hand side of equation (11), we use the central difference
where is the step length, 0 = 1 and +1 = 0. The equation at the interface is
Solving these equations, and ( = 1 2 · · · ) can be obtained.
Discussions on these two methods
The equations in these two methods seem to be easy to solve. However, if we eliminate , the remaining equations are nonlinear ones. Therefore, the deduced ordinary differential equations are also nonlinear. The key step is to establish the value of . An attempt with variable step-size is used here. The variable step-size is helpful in reducing calculation time. The non-dimensional temperature C ( ) with respect to for different times and fractional order α are shown in Figure 2 . It can be seen that a bigger fractional order α means a faster heat conduction process. The result is similar to the fractional diffusion equations. The non-dimensional temperature C ( ) with respect to for different η and fractional order α are shown in Figure 3 . Since smaller η corresponding to bigger initial temperature T 0 , we can see that the higher initial temperature at the center of the cylinder will cause a faster melting process. So the result is reasonable in the real world. Furthermore, from both Figure 2 and Figure 3 we can see that, for bigger α, the melt interface moves faster. This means that the moving boundary is sub-diffusive and it is in accordance with Voller's [13] result. As for the first method, the calculation of * P 0 1−α 2/α ( ) remains difficult. In order to make the process of the calculation easier, we give a different form [22] It is obvious that this definition is not suitable for the second method. If the basis functions are complicated functions, equation (34) is also difficult to calculate. Actually, another similarity form of the original equations (11)- (16) can be obtained if we use the similarity variables ξ = / 2/α and T ( ) = (ξ) [23] . The reduced functions are
the equation for the interface ξ = 1/ is In order to simplify the expressions and use less in the equations, the variable = / α/2 or ξ = ( / 2/α ) can be used. By doing so, the existing domains of the governing equations become 0 < < 1 and 1 < ξ < ∞, correspondingly.
Summary and conclusions
Two methods to solve a single phase moving boundary problem in a cylindrical coordinate are presented in the paper. The similarity variables are used to reduce the partial differential equations to ordinary ones and change the moving boundary problem to a fixed boundary problem. These methods can be extended to solve other moving boundary problems similar to this one. However, the moving boundary problems are nonlinear and difficult to obtain exact solutions. The reduced (similarity) forms are also nonlinear and thus only approximate and numerical solutions are obtained.
